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Abstract 

We discuss the relation between the superembedding method for deriving worldvolume actions 
for D-branes and the method of Partially Broken Global Supersymmetry based upon linear and 
non-linear realisations of SUSY. We give the explicit relation for the cases of space filling branes 
in 3 and 4 dimensions and show that the standard .F-constraint of the superembedding method 
is the source of the required covariant non-linear constraints for the PEGS method. 


1 Introduction 


A superembedding is the embedding of one superspace inside another. The theory of such em¬ 
beddings provides an excellent geometrical framework to describe the dynamics of superbranes. 
For a review of superembeddings see |^. In fact all BPS branes are described by a superem¬ 
bedding satisfying a natural geometrical condition, namely that at all points on the brane the 
odd tangent space of the brane is a subspace of the odd tangent space of the superspacetime in 
which the brane lives. 


This ‘embedding condition’ is often enough to describe the dynamics of the brane, that is it 
leads to a worldvolume multiplet for which an action can be written or sometimes it implies 
the equations of motion directly. For some cases, including some D-branes, the embedding 
condition leads to an under-constrained multiplet. In these cases an additional constraint is 
required to enable one to construct the brane action or equations of motion. This constraint 
is called the .F-constraint. In the D-brane cases, one introduces an independent worldvolume 
2-form modified field strength T satisfying dJ- = —H where H is the pullback of a closed target 
space (Neveu-Schwarz) 3-form. One then constrains T to have only purely bosonic components. 
This constraint can be justified by considering branes ending on other branes |Q, Q|. With 

this additional constraint one then has either an off-shell multiplet, in which case a brane action 
can be written, or an on-shell multiplet, i.e. satisfying the equations of motion. 

In recent papers |^, ^ superembeddings with bosonic codimension zero were discussed in three, 
four and six dimensions. Although the number of bosonic dimensions is the same for the world- 
volume and the target space these are genuine embeddings because the numbers of fermionic 
dimensions of these spaces are not the same. Specihcally, the worldvolume has exactly half the 
number of the target space since these branes preserve half the supersymmetry of the background 
supergravity. The superembedding formalism was shown to be a powerful systematic method for 
the derivation of the dynamics of these space filling branes. In Q Green-Schwarz and superfield 
actions were constructed for the three dimensional case. In the Green-Schwarz action in 

the four dimensional case was constructed and shown to be of the standard Born-Infeld type. 


Since these branes preserve half the background supersymmetry, one can think of the superem¬ 
bedding of a space filling brane into flat space as the partial breaking of supersymmetry by one 
half (PBGS) 0 . The broken supersymmetry is said to be realised non-linearly. This idea has 

I |T^, |TT], |T^, IJ, 0 . In Q the case of the space filling 3-brane 


been applied to many cases 

was considered, and in |]l3 the membranes in three and four dimensions. Firstly one introduces a 


multiplet which transforms linearly under the full supersymmetry and then imposes constraints 
on it which relate its components to the Goldstone field of the broken supersymmetry. The 
superfield Lagrangian can be identified with one of the N = 1 superfield components of the 
original multiplet. For the space filling branes in three and four dimensions the multiplet which 
transforms linearly is the N = 2 Maxwell multiplet. This multiplet satisfies a deformation of the 
standard Maxwell constraints. In j^, an algorithm was given for deriving the constraints which 
relate the components of the N = 2 Maxwell multiplet to the Goldstone field in these cases. 
The constraints were found using the relationship between linear and non-linear realisations of 
supersymmetry |]T|, which was adapted to PBGS cases in \U, ]T|. 
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The relationship between non-linear realisations and super embeddings has been discussed before 
lll^ , |l^]. In [jl^ it was shown that the embedding condition of the superembedding formalism is 
equivalent to what is called the ‘inverse Higgs constraint’ of the non-linear realisation formalism. 
For the cases under consideration here the embedding condition can be imposed without loss 
of generality and we focus on the relationship of the .F-constraint to the non-linear realisations 
framework. In this paper we explicitly show the equivalence between superembeddings and 
linear and non-linear realisations of PEGS for the cases of the space filling branes in three and 
four dimensions. We introduce a target space 2-form T for the N = 2 Maxwell multiple! and 
we write the deformation of the N = 2 Maxwell constraints as the modified Bianchi identity 
dT = —H_. Pulling this equation back to the worldvolume, we obtain the worldvolume Bianchi 
identity for the two form T introduced in the superembedding formalism. We show that the 
non-linear constraints on the Maxwell fields imposed in the PEGS method are exactly the 
standard d^-constraint. This equivalence allows us to show that the superfield actions defined 
by the superembedding method are the same as those invariants constructed using non-linear 
realisations of supersymmetry. 

We begin by reviewing very briefly the procedure of embedding space filling branes into three 
and four dimensional flat superspaces and describing the method for the construction of brane 
actions. We then go on to show the equivalence with the linear and non-linear realisations 
method in the three dimensional case and then the four dimensional case. In section 3 we show 
the equivalence of the constraints of the two methods. In section 4 we show the equivalence of 
the actions defined by these methods. 


2 Super embedding Method 

We consider a superembedding / : M —> M. Our index conventions are as follows; coordinate 
indices are taken from the middle of the alphabet with capitals for all, Latin for bosonic and 
Greek for fermionic, M = (m, ^), tangent space indices are taken in a similar fashion from the 
beginning of the alphabet so that A = (a, a). The distinguished tangent space bases are related 
to coordinate bases by means of the supervielbein, Em^, and its inverse Ea^ ■ Goordinates 
are denoted = {x‘^,9'^). We use exactly the same notation for the target space but with 
all of the indices underlined. Target space forms are written with an underline, e.g. Their 
pullbacks are written without an underline, = H. 

The embedding matrix is the derivative of / referred to the preferred tangent frames, thus 

Ea^ = Ea^Omz^Em- ( 1 ) 

This tells us how to pull back target space forms onto the worldvolume, 

f*E^ = E^Ea-. (2) 

The basic embedding condition is 

EJ^ = 0. (3) 

This condition in general gives constraints on the superfields describing the worldvolume theory. 
For codimension zero however it can be enforced without loss of generality as discussed in [||. 
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The worldvolume multiplet is described by the transverse target space coordinates considered as 
superfields on the worldvolume. For codimension zero we embed an = 1 superspace into an 
N = 2 superspace of the same bosonic dimension. Thus, in the absence of further constraints, 
an unconstrained spinor superfield describes our worldvolume multiplet. 

2.1 Space Filling Branes 

We shall give a brief review of how the superembedding approach is applied to the case of the 
space hlling branes in flat three and four dimensional spacetime |^. Our bosonic indices are 
the same for worldvolume and target space since we are considering space filling branes. Our 
fermionic target space indices are written a = ai where z = 1,2 since we embed an iV = 1 
superspace into an N = 2 superspace. In 3 dimensions a is a real, two-component Majorana 
spinor index. In 4 dimensions a is a complex, two-component Weyl spinor index. The internal 
index i is an SO{2) index for the 3 dimensional case and a U{2) index for the 4 dimensional 
case. 


Supergeometry 


Firstly we specify the form of the worldvolume derivatives in terms of target space derivatives. 
As discussed in Q we can parametrize the odd-odd part of the embedding matrix Ea— as follows 


Ea — Eal -|- ha^Ei32 


(4) 


i.e. 

= 6^ and Ea>^^ = hj 


(5) 


The worldvolume torsion can now be calculated by pulling back the standard flat target space 
torsion. As discussed in [|[, for the codimension zero cases it is not necessary to introduce a 
worldvolume connection. Thus the torsion tells us the algebra of derivatives on the worldvolume. 
Writing our worldvolume tangent vectors Ea as Va = Ea^Om we have 


['Da,'Db] = —Tab^Ec- 


( 6 ) 


This algebra is the same as that introduced in |8, as the algebra one ends up with by imposing 
that the second supersymmetry in the N = 2 Poincare superalgebra is realised non-linearly. A 
similar algebra is obtained in the case of the D-9 brane 


To describe the worldvolume multiplet, one introduces a worldvolume 2-form T (the modified 
field strength). This is constrained to satisfy the Bianchi identity. 


dT=-H 


(7) 


where H is the pullback onto the worldvolume of the constant, closed target space Neveu-Schwarz 
3-form, To get the required worldvolume N = 1 Maxwell multiplet one imposes the standard 
.F-constraint Ea/s = E^b = 0. The constraint Ea^ = 0 tells us that we have an = 1 Maxwell 
multiplet on the brane as well as the Goldstone fermion of the embedding. Then the constraint 
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^ah = 0 eliminates one of these spinor superfields in terms of the other. This leaves us with just 
the degrees of freedom associated with the Goldstone field. The Bianchi identity then gives a 
formula for Tab in terms of the degrees of freedom of the embedding. 

Green-Schwarz Action 

To obtain the Green-Schwarz action for the brane we start with the Wess Zumino term in the 
D-brane Lagrangian |^. We construct a. D + \ form Wd+i = Gd+i + where the 

G forms are pullbacks of constant super-invariant target space RR field strengths. This form 
can be written explicitly as Wd+i = AZd where Zd = Cd + Gd- 2 ^ and the G forms are the 
pullbacks of the non-invariant target space RR potentials. 

Since Wd+i is a form of degree one higher than the body of the worldvolume the fact that it 
is closed implies it is also exact and so we can also write Wd+i = dKD for some Kd- The 
Lagrangian form is 

Ld = Kd — Zd ( 8 ) 

and is closed by construction. Finally the Green-Schwarz action is defined by 

Sgs = j = 0) (9) 

where the integration is taken over the bosonic worldvolume M^. 

Superfield Lagrangian and Static Gauge 

To construct the superfield action Q one has to make a choice of gauge. We choose the static 
gauge, defined by identifying the coordinates of the brane with some of the coordinates of the 
target space thus 

( 10 ) 

0 “ ( 11 ) 

A“(x,0). (12) 

From the definition of the embedding matrix we can see that our choice of coordinates implies 
that the field ha^ which we introduced in (Q) is the worldvolume covariant derivative of the 
transverse fermion field A, 

hj = VaA^. (13) 

With this choice of gauge, the embedding condition E^- = 0 implies the following for the 
worldvolume derivatives 


x^ = 
= 

Qa2 _ 


Va = Da + 

(14) 

-Da = Ba^dt 

(15) 

where 'ipa°‘^^DaAr^ABh°‘ 

(16) 

- {d^AWA)-\ 

(17) 
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The precise forms of the quantities if) and B depend on which dimension one considers. 
Given these derivatives, the one-form bases on the brane are 


= e“ (18) 

= (19) 

where e“ and e“ denote the standard one-form bases of flat superspace 

e" = ( 20 ) 

e“ = - |d 0 “(r“)„; 30 ^. (21) 


These formulae allow one to convert form components from the basis induced by the embedding 
to the flat basis. 

To construct the superfield Lagrangian one considers the components of the Lagrangian form 
in the flat basis e^, denoted Iabc...- Generically one finds that the component G/3c... contains a 
term which can be identified with the superfield Lagrangian. In three dimensions this is a real 
superfield to be integrated over the whole worldvolume superspace and in four dimensions it is 
a chiral superfield to be integrated over half-superspace. 

We now go on to describe the details of the superembedding for the space filling 2 and 3 branes. 

2.2 D=3 

Supergeometry 

In three dimensions the embedding is described by 

= Dal + ha^DfS 2 where Kf} = ke^n + ( 22 ) 

for k real. 

The closed 3-form ^ has non-zero components 

kiaifBjc ^(Tc)a/3(^l)ij) (23) 

where ri is the first Pauli matrix. 

Pulling this back to the worldvolume and solving dJ- = —H with the standard .7^-constraint we 
find that k = 0 and 

d^ab = 1 I , 2 ^abcD■ (24) 

Action 

The Wess-Zumino form is given by IL 4 = G 4 , + G 2 D where the G forms are pullbacks of the 
target space RR field strengths whose non-zero components are 

Gai/Sj — 

DctifSjcd • 
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(25) 

(26) 



They satisfy the Bianchi identities 


(27) 

(28) 


G2 = dC„ 

ai = dC,-C,H,. 

These equations can be solved for the target space potentials so that their components 

are only functions of 62 - One can then pull them back to the worldvolume and calculate the 
components of the form ^3 = 773 + Doing this one finds in static gauge 

Zabc = eabcZ where Z = 1 + + ^A^5aA"9“A„. (29) 


To complete the Green-Schwarz action we need the kinetic term. Since VT 4 is exact we solve 
VT 4 = dK^. The only non-vanishing component of is the totally even one Kabc = ^abcK. One 


finds 


K = 


l-h^ 
1 + h2 


(30) 


which, given the relation (24) between ha and Tab can be shown to be of the standard Born-Infeld 
form. 

A' = 'J det {r]ab + Tab) (31) 


The Lagrangian form L 3 has the top component Labe = ^abcL where L = K — Z. One converts 
into the coordinate basis using the worldvolume supervielbein 77^“ to obtain the Green-Schwarz 
Lagrangian 

Lgs = det {E)L. (32) 


The superfield Lagrangian for D 


3 is found in the a/3c component of L in the flat basis |p : 


Lo oc i-e. Lgs = 


(33) 


2.3 D=4 

Supergeometry 

The embedding for D = 4 is specified by 

Ta = Dal + ha^Di32 where hal 3 = keafB + h(^af3) (34) 

for k complex. 

The closed 3-form has non-zero components 

( 35 ) 

We now pull H_ back to the worldvolume and solve dT = —H with the standard .^-constraint. 
Firstly we find that the embedding preserves chirality, i.e. that ha^ = 0, which in static gauge 
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says = 0. We say that the Goldstone field A is covariantly chiral. We also get an expression 

for Tah in terms of ha^. Defining the variable we find that 


= {<yab)c.pM^^ - {Aab)^pM^^ 

(36) 

where Mq,^ = /i(q,^)X(/i) 

(37) 

A viu\ A “*■ 

^ ^ “ (1 + kkf - ■ 

(38) 


We also hnd a constraint which removes one degree of freedom from the complex scalar k, namely 

k + k + k{W‘ — + k{k^ — s^) = 0. (39) 

This is the full form of the non-linear reality constraint on the covariantly chiral Goldstone field 
A if we make the identification ha^ = T>aA^. This constraint was first written down to third 
order in A in |^ . The remaining degree of freedom in k is the auxiliary field of the D = 4, = 1 

Maxwell multiplet. 

Action 


The Wess-Zumino form is given by W 5 = G 5 + where the G forms are pullbacks of the 
target space RR held strengths whose non-zero components are 



(40) 

^Jpcde = -i^cdef{a\0irs),A 

They satisfy the Bianchi identities 

(41) 

^ = dC„ 

(42) 

Q.5 ~ dC_^ — ^ 2^3 . 

(43) 


These equations can be solved for the target space potentials ^ 2,^4 so that their components 
are only functions of 02 ; ^ 2 - One can then pull them back to the world volume and calculate the 
components of the form Z 4 = 6*4 -|- C' 2 .F. Doing this one hnds 

^abcd ^abcd^ (^‘^) 

where 

Z =—1 +c.c.) — Ba'^dfAa^'^deAA'^ + c.c.). (45) 

The matrix BJ’ is given by 

Ba^ = { 6 ^ + ^daa^A + ^daAa^A)-\ (46) 

To complete the Green-Schwarz action we need the kinetic term. Since R 5 is exact we solve 
W 5 = dKi. The only non-vanishing component of is totally even one Kabcd = (-abcdK. One 
hnds 

K = l+X{h)+X{h) (47) 
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The Lagrangian form L 4 has the top component Labcd = ^abcdL where L = K — Z. One converts 
into the coordinate basis using the worldvolume supervielbein to obtain the Green-Schwarz 
Lagrangian 

Lgs = det {E)L. (48) 

In four dimensions one can construct a chiral Lagrangian to be integrated over half-superspace. 
This chiral superfield Lagrangian is found in the afScd component of L in the flat basis |^, 

To cx i.e. Lgs = D^Lo + D^Lo. (49) 


3 Equivalence with non-linear realisations 


In this section we shall show the explicit relationship of the generic superembedding approach 
to the PEGS method using linear and non-linear realisations of SUSY |15] for the case of the 
space filling D-branes in 3 and 4 dimensions. Firstly we shall discuss the general approach to 
showing this equivalence and then we shall go on to give the specific formulae for the two cases 
under discussion. We shall show in particular that the standard .F-constraint is equivalent to 
the non-linear constraints imposed in [S, O]. 


Our method will be to construct the 2-form T of the superembedding method in the following 
way. Firstly we introduce the N = 2 Maxwell multiplet via an independent target space 2-form 
F. We constrain F to solve the modified target space Bianchi identity 


dF = -H 


(50) 


with the standard constraint which gives the N = 2 Maxwell multiplet, i.e. that the lowest 
component of F is written 


where IF is an Y = 2 scalar superfield that is real in 3 dimensions and chiral in 4 dimensions. 


In both three and four dimensions the Bianchi identity (|^) imposes modified constraints on 
the N = 2 Maxwell multiplet. These constraints are precisely the deformations of the Maxwell 
constraints imposed in H, I 


15|. 


We then pull back the 2-form F onto the worldvolume of the brane identifying /*F with F. 
By (|50[) we are guaranteed that T defined this way satisfies the correct worldvolume Bianchi 
identity The components of T are given by 


Tab = (-1)^-(^+^)Fb^Fa^F^|0,=a. (52) 


We can eliminate any target space derivatives Di in favour of D 2 and worldvolume derivatives 
V since we have specified the embedding to be described by (^), 

Vc, = Dai + hjDp2- (53) 

Having evaluated the components of T in terms of IF, D 2 W and F|IF, we then impose the 
standard F-constraint Tap = Tab = 0 . 




These constraints imply 


W\ 02=a = 0 

Da2W\02=X = 0 . 


(54) 

(55) 


If we now expand the superfield W in 62 we get generically 

w = (t> + e^Wa, +... . 


(56) 


We can see explicitly that the ^-constraint implies some non-linear constraints on the component 
fields (j) and ITq. These constraints are those postulated in the non-linear realisations framework 
in 


12 \ and later derived from an algorithmic procedure in |T 


We then go on to show that J-ab defined this way is identical to the one defined via the superem¬ 
bedding method described earlier. 


3.1 D=3 


We now show the explicit relation between the superembedding method and 
linear and non-linear realisations of PEGS for the three dimensional case. 


F given by (|50| , plD are 


the method of using 
The components of 


F'aipj — (^'^) 

Faib = ^ij{lb)al3D^^W (58) 

Fab = -ieabc{lT^DalDp 2 W (59) 

where IP is a real N = 2 scalar superfield satisfying the deformed Maxwell constraints of mi] 

(F„iFf - F„2F“)W = -2f (60) 

= 0. (61) 

If we expand W in terms of 62 these constraints imply 

W = (t) + ie^Wa,-iel{l-iDl(t)). (62) 


Next pull back the target space 2-form F onto the world volume defining /*F = F. 

The components of T are 

Fa^ = -2f/l(a^)IP (63) 

Fob = ilb)a^D^W + K^^b)-yp{'D^W - hFDs 2 )W + iV.A^^W (64) 

Fab = -ieabc{lT^{FaDp2W - K^D.,2Dp2W) - 2 (F[,A“( 76 ])„; 3 (fV - h^^D,2W)) (65) 

where all terms are evaluated at O 2 = A. We have written the derivatives D^i in the above 
expression in terms of 0^2 and worldvolume derivatives T>a. 

We next impose the standard F-constraint on this object, i.e. we set Fap = Fab = 0. 
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In terms of (j) and these constraints are precisely those of the PEGS method \12, 

4) + - iA^(l - W^cj)) = 0 

iWa + iAa{l - iD^4>) + = 0. 


These give the relations 


We can solve (38) to get 


4> = 

Wa = -Aa(l - iD^cj)). 
—ih? 


1 + T»2A2 ■ 


( 66 ) 

(67) 


( 68 ) 

(69) 


(70) 


We can now use our relations for cj) and Wa to check the expression for Using the relations 
(l5^,|55,p3) we can see that 


^ab = i€abc(7T^ha^D^2-D^2W\s,=A- 


( 71 ) 


We know from the J^-constraint (|^55) that on the brane we can replace the modified Maxwell 

2i 


constraint (30) with 


Da2D^W = 


(72) 


1 + /l2' 

Substituting this into ([7l| ) we do indeed find the same expression for Tab as we had from the 
superembedding approach 


This is as expected since it is easy to see that T has to be unique. Consider T and T' satisfying 

dT = dT' = -H (73) 

and both satisfying the standard iF-constraint Tap = Tab = 0. Then P = T — T' satishes 

dP = 0 (74) 

and Pab is the only non-zero component of P. The a/3c component of ( |7^ then implies 

Tap‘^Pcd = 0 i.e. P = 0. (75) 

Thus T defined by dT = —H and the standard P-constraint is unique. 


3.2 D=4 


We proceed in the same manner for four dimensions. The components of P given by (| 


are 


Paipj — 

^aiP ~ ^ 

Faib = i€ij{ab)aaD°‘^W 

Fab = -\{{<yabT^DaiDp^WF^ + {dabf^ &aD^^W Sij) 


(76) 

(77) 

(78) 

(79) 
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where W is a chiral N = 2 scalar superfield satisfying the deformed Maxwell constraints of 


1,111 

(80) 

(81) 

(82) 


Da2D^W + dId^^W = -2 
- DId^^W = 0 
Di^W = 0. 


If we expand W in terms of 62 these constraints imply 

w = (p + + eUl - Dj^) - - lelelacj) (83) 

where (f> and Wa are N = 1 superfields which are chiral in the 9i direction. 

Next pull back the target space 2-form ^ onto the worldvolume defining The com¬ 

ponents of T are 

Fap = -2/i(c^^)1T (84) 

•^a/3 = 0 (85) 

- ih^'^{ab)^a {V^W - (86) 

J^ab = {oabT^KpDlW - {aabf%pDjW (87) 

where all terms are evaluated at 02 = A. We have written the derivatives D^i in the above 
expression in terms of Do ,2 and worldvolume derivatives 

We next impose the standard .F-constraint on this object, i.e. we set J^ap = ^ab = 0. In terms 
of (j) and Wa these constraints are precisely those of the PEGS method |^, 

0 = (/) + A’^Wa + A2(1 - - ^A^A^daa(/> + ^A^A^daaW" -\A^A^U(j) (88) 

0 = - A„(l - D^) - iA^daaC^ - |A,A"9^iW^ + iA^A"9«^W^ 

- \AaA^n4> + ^A'^A^daaD^^ + lA^A^nWa. (89) 


One can show that Tab defined this way agrees with (|3q , |37| , 
on the brane we can replace the constraint (^0[) with 


DjW 


02= A 


1 + k'^ — s'^ 

1 — s2g2 

one finds 


Employing the nonlinear reality constraint 

DlW\e,=A = X{h), 


We know from (54,55) that 

(90) 

(91) 


which gives agreement with the expression for Tab from the superembedding approach (^, 

H). 


Again this is as expected because we can use a similar argument to that given in the three 
dimensional case to show that T defined by dT = —H and the .F-constraint is unique. 
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After a little algebra the constraints (| 


imply 
1 - D^' 


( 92 ) 


This is the relation first postulated in and later derived algorithmically in |15]. It was shown 
1 ^] that it can be used together with its complex conjugate to show that (j) agrees with a particular 
form of the N = 1, D = 4 supersymmetric Born-Infeld superfield Lagrangian first constructed 
in 


4 Equivalence of the actions 

In this section we give a proof that the actions defined via the super embedding method are 
equivalent to those constructed within the non-linear realisations framework. We construct the 
Lagrangian form of the superembedding approach in the target space so that it agrees with 
that constructed in section 2 upon pullback to the worldvolume (i.e. the space defined by 
02 = A(x,0i). We then note that the Lagrangian of the non-linear realisations framework can 
be obtained from the pullback of the same target space Lagrangian form to the space defined 
by 02 = 0. The two are thus related by an odd diffeomorphism of the target space. Due to the 
fact that the Lagrangian form is closed we can see that the actions defined by the integrals of 
the pullbacks are invariant under target space diffeomorphisms and hence the two actions are 
equal. 


4.1 PEGS Action 


In 1^, 1^1 it was observed that the leading component of the N = 2 Maxwell field W has the 
correct variation under the non-linear supersymmetry to be a candidate superfield Lagrangian. 
For the three-dimensional case we can see this in the following way. Recalling that the 02 
expansion of W is 

W = ^ + 0^Wa + ... (93) 

we can see that the variation of (p under a 02 translation with parameter r] is 


= ri<^Wa. 

This implies that D'^p varies only by a total derivative 

6^D^P = 

and hence the action 

5 = y dPxD'^p oc J d^xcP 04 

is invariant. 


(94) 

(95) 

(96) 


Similar relations show the invariance of the the four dimensional action 
S = [ d!^x{D^p + D'^P) oc [ d^xcf0p+{c.c). 


(97) 


Thus in both cases p, the leading component of W, certainly has the correct variation to be a 
candidate superfield Lagrangian for the space filling brane. 
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4.2 Target space approach 

To show that these actions agree with those defined via the superembedding approach we first 
construct a target space Lagrangian form. Since we consider space filling branes we employ 
precisely the same argument that was used to construct the worldvolume Lagrangian forms. We 
can promote the forms Wd+i and to the target space using the fact that we have defined a 
modified field strength F on the target space: 

Wd+i = Gj,+i + Go.iF (98) 

= G_d + G_d- 2 F.- (99) 

The fact that our branes are space filling means that Wp , ^ is a form of degree one higher than 
the body of the target space. The fact that it is closed therefore implies it is exact and we can 
find a F-form Kp such that dKp = ^^pj^i- The target space Lagrangian form Lp = 
is then closed by construction. 

When performing the superembedding, we consider the map 

f:M—> M, /:(x,6 ')i—> (x, 0, A(x, 0)). (100) 

Now we will also want to consider the map 

i : M. —*• A4 . i : (x, 9) \—> (x, 9, 0). (101) 

The pullback of Lp to the brane (i.e. Im /) will coincide with the worldvolume Lagrangian 
form we defined previously (|^ in our discussion of the superembedding approach. Also, the top 
component of the pullback of Lp to the space defined by 02 = 0 (i.e. Im i) will coincide with 
the Lagrangian defined via the PEGS method. We will now show this in both cases. 


D=3 


The non-zero components of the form Fg which satisfies diLq = W^ are 

= -ieabciDlW + D^W) 

^ai/3jc — 'i'i'yc)af3dijW 


( 102 ) 

(103) 

(104) 


We can write the top component as Kabc = ^abcl^- Using the modified Maxwell relation on W 
(1^) we find 

K = -2iDlW - 1 = -2iDlW + 1. (105) 

Upon pullback to the brane, 02 = A, one can see that only the top component contributes due 
to the F-constraint which says W\ 0 ^=j^ = 0 and Fq21 U|6I2 =a = 0. The pullback = Fs 

therefore has only the abc component. Employing the relation (^) we can see that the only 
non-zero component of the pullback is then 

1 - 


Fabc — ^abc 


l + /l2 


(106) 
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which agrees with the expression for derived from the worldvolume approach. 

Alternatively we can pull back the form L 3 = ^3 — Z 3 to the space defined by 02 = 0. We 
denote this pullback with = L^- The top component of L 3 is 

L^abc = eaU-‘^iD^) (107) 

which agrees with the expression for the PEGS Lagrangian (p^). 

We can therefore view the target space Lagrangian form as the parent for both actions. 


D=4 


The non-zero components of the 4-form X 4 which satisfies dK^ are given by 

Kgbcd = ^^abcdiDlW + D^W + C.c) (108) 

Kaib^ = -ieabcd{(T‘")aaD^"W (109) 

d^aidicd — ‘^'i'dij{<Tcd')aP^^ (HO) 

We can write the top component as Kg^cd = (-abcdM-- Using the modified Maxwell relation on W 
for four dimensions (^) we find 

K = dIw + dIW-1 = dIw + dIw + 1. (Ill) 

Pulling back to the brane only the top component contributes due to the .T-constraint. The 
only non-zero component of the pullback = i ^4 is the purely bosonic one, 

Kgbcd = eabcdil + Dlw + DlW) = 1 + X{h) + X{h), (112) 

again giving agreement with the worldvolume approach. 

If we pull L 4 = ^ back to 02 = 0, defining L 4 = i* L^ , we find the top component of L 4 

to be 

^abcd = ^abcd{D‘^(t> + ( 113 ) 

giving agreement with the PEGS Lagrangian. 


4.3 Proof of equivalence 


In both three and four dimensional cases we see that the target space Lagrangian form L can 
be used to describe both the superembedding action and the PEGS action. The PEGS action 
can be written as 

f e*i*L, (114) 

Mo 

where e* denotes pullback to the body of Xi. The superembedding action can be written as 


/ 


e*rL. 


Mo 


(115) 
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Thus the two actions are integrals of the pullbacks of the closed target space Lagrangian form 
to different sections of the target space. By section we mean a bosonic submanifold that is 
diffeomorphic to the body of the supermanifold. 

The two integrals are the same by the following argument. 


Claim 


Consider a supermanifold A4 with a T)-dimensional body A4o- Consider the two sections e , s 
of A4 defined in each coordinate patch by 


e : Mo I—> M ; e : (a:“) i—> (x°',0). 

s : Mo —^ M ; s : (x“) i—> (x“,^"(x)). 


(116) 

(117) 


Suppose further that L is a closed H-form on M. Then 


/"=/"■ 

Me 


M. 


(118) 


This is closely related to the idea of rheonomy in the group manifold approach|^]. 


Proof 

Define the one parameter family of sections st {t real) in each patch by 

St: Mo—>M ; s* : (x“) i —> (119) 

In particular sq = e and si = s. 

We also need the one parameter family of diffeomorphisms of M, generated by the odd vector 
field ^ These are denoted by at and defined in a patch by 

at:M — >M ; ut : (x“, 0 “) ^ (x“, 0 “ + tC")- (120) 


We have the composition rule 

The claim will be true if 

s{t) = / s:l 

Mo 

is independent of t. Differentiating with respect to t, we have 

Mo Mo 

Mo 


( 121 ) 

( 122 ) 


(123) 

(124) 
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Using the composition rule and the fact that (/ • g)* = g* ■ f*, we have 


Mo 

= J {s*t ■(r*L- s*L) 

Mo 


(125) 

(126) 


Pulling out the pullback of the section s and taking the limit inside the integral, we then have 

dS 


dt 




Mo 

= f stCL. 


(127) 

(128) 


Mo 


The Lie derivative CL can be written 


CL = di^L + i^dL. 


(129) 


Since L is closed this a total derivative and thus the above integral vanishes. Hence 



(130) 


Thus we know that S{t) is constant and hence 5'(0) = S'(l) which proves the claim. Thus the 
integral of the pullback of a closed H-form is independent of the choice of section. 


This claim applied to the case under consideration shows that the super embedding action and 
PEGS action are the same. 


5 Conclusion 

In this paper we have discussed the relationship between the super embedding approach to con¬ 
structing brane worldvolume Lagrangians and the method of using linear and non-linear reali¬ 
sations of partially broken supersymmetry. We have focused in detail on the space filling branes 
in 3 and 4 dimensions. In particular the starting assumptions of the PEGS method all have 
a geometrical interpretation in terms of superembeddings. The algebra of derivatives is that 
induced by the pullback onto the worldvolume of the standard flat target space torsion. We 
have shown that the introduction of an = 2 Maxwell multiplet satisfying modified constraints 
can be understood in terms of the D-brane like worldvolume Eianchi identity dJ- = —H. One 
introduces an independent target space 2-form T which satisfies the corresponding target space 
identity dF = —F. With the standard Maxwell assumptions about the odd-odd component 
of this form, this gives the N = 2 Maxwell multiplet, with modified constraints in the target 
space. The covariant non-linear constraints one has to impose in the PEGS approach to get 
the correct multiplet are none other than the manifestly covariant F-constraint. With these 
identifications we have shown that the superfield Lagrangians defined by the superembedding 
method are precisely equivalent to those invariants constructed via the PEGS method. 
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It would be interesting to see if the geometrical ideas of representing PEGS outlined here could 


be used to relate the supersymmetric, non-abelian Born-Infeld action constructed in [M] to a 


superembedding. This might give some insight into what the correct brane-like form of the 
non-abelian Born-Infeld action is. 

We emphasise that the N = 2 Maxwell multiplet in the target space contains no degrees of 
freedom after imposing the J^-constraint; they are all related to the Goldstone field of the 
embedding (i.e. the transverse target space fermionic coordinate). Thus it is not clear that one 
has to have an = 2 Maxwell multiplet in the target space at all. One might be able to take 
any multiplet described by a 2-form satisfying dT = —On pulling this back and imposing 
the standard d^-constraint on T = f*F_ one is guaranteed to have the = 1 Maxwell multiplet 
on the worldvolume. This may suggest a generalization to, say, the space hlling brane in 6 
dimensions where an N = (2,0) Maxwell multiplet does not exist. One might also be tempted 
to look at branes in curved backgrounds. Recently an action for a membrane in AdS4 was 
constructed from the non-linear realisations perspective |^]. 


Appendix : Target space Ramond Potentials 


D=3 


The D = 3 Ramond potentials ,C_^ solve the Bianchi identities. 



0.2 = dc„ 


(131) 

(132) 


Their non-zero components are : for 


Ca 2 bc = 

Call 31 c = 

Ca2j32c ~ (Tc)a/3(^ ) ) 


Cabc = eabc 


(133) 

(134) 

(135) 

(136) 


and for C _^, 


Cal = iOl- 


(137) 


D=4 


The D = A Ramond potentials solve 




(138) 

(139) 
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Their non-zero components are : for 


Cabcd — ^abcd 

(140) 

Ca2bcd — i^bcdeis^ )q/9^2 

(141) 

Ccalj^Xcd 2z(<7cf/)Q/3(^2) 

(142) 

Ca2j32cd ? 

(143) 

Calb — {^b)(^p^2 

(144) 

Call32 = i^af3{02)‘^, 

(145) 


together with those obtained by complex conjugation. 
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